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Abstract 

Quantum-mechanical scattering of nonrelativistic charged particles by 
a magnetic vortex of nonzero transverse size is considered. We show that 
the flux of the vortex serves as a gate for the strictly forward propagation 
of particles with short, as compared to the transverse size of the vortex, 
wavelengths; this effect is the same for a penetrable vortex as for an impen- 
etrable one. A possibility for the experimental detection of the scattering 
Aharonov-Bohm effect is discussed. 
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1 Introduction 

The theoretical prediction of the Aharonov-Bohm (AB) effect in 1959 \l\ was one 
of the most intriguing achievements in quantum theory. Now this effect has been 
long recognized for its crucial role in demonstrating that, in addition to the usual 
local (classical) influence of electromagnetic field on charged particles, there exists 
the unusual nonlocal (purely quantum) influence of electromagnetic fluxes con- 
fined in the regions which are inaccessible to charged particles (see, e.g., reviews 
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[21 13] ) . A particular example is quantum-mechanical scattering of nonrelativistic 
charged particles by an impenetrable straight and infinitely long solenoid that 
encloses a magnetic flux: as was shown in [1], this process depends periodically 
on the value of the enclosed flux. Although a formula for the differential cross 
section of this process was derived in Section 4. "Exact solution for scattering 
problems" of [1], the formula was never checked experimentally. Perhaps, it was 
not even intended to be checked, since the authors [1] in the preceding sections 
of their work proposed a closely related, but different from the scattering one, 
experiment to conflrm their theoretical prediction; this experiment consisted in 
observing a fringe shift in the interference pattern due to two coherent particle 
beams under the influence of an impenetrable magnetic vortex placed between 
the beams. Since then the theory and the experiment for the AB effect followed 
their own non-intersecting ways. The concern of experimentalists was to exclude 
completely penetration of the particle beams into the region of nonzero magnetic 
flux, see [3]. As to the theoretical development, scattering theory initiated by 
Aharonov and Bohm was substantiated and further elaborated, see [H [5l [6] . 

It should be noted that the concern of theoreticians was mostly in the case 
of long-wavelength scattered particles, when the transverse size of the magnetic 
vortex was neglected. Since a direct scattering experiment is hard to perform 
with long-wavelength (slowly moving) particles, thus elaborated theory remained 
actually unverifled. On the one hand, as the particle wavelength decreases, the 
perspectives of performing a scattering experiment with such particles are in- 
creasing. On the other hand, the transverse size of the vortex then comes into 
play, and, given the technical difficulties of measuring the interference AB effect, 
it may seem hardly possible to avoid the particle penetration inside the vortex 
in a direct scattering experiment. However, as we shall see, these misgivings are 
irrelevant for the case of short- wavelength (fast-moving) particles. The aim of 
the present paper is to extend scattering theory to such a case (see also [3 13 [9]) 
and to reach the realm where the experimental verification of the scattering AB 
effect is quite feasible. 

2 Double-slit interference 

First, let us recall briefly the setup which is conventionally used for the experi- 
mental veriflcation of the AB effect (see, e.g., |21l3]). It involves the observation 
of the interference patterns resulting from the two coherent electron beams by- 
passing from different sides an impenetrable magnetic vortex which is orthogonal 
to the plane deflned by the beams. This is a so called double-slit interference ex- 
periment, although in reality an electrostatic biprism is used to bend the beams 
and to direct them on the detection screen. Let the detection screen be parallel 
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to the screen with shts, L be the distance between the screens, and D be the 
distance between the shts. Otherwise, in the biprism setting, the hne connecting 
images of a source is paraUel to the detection screen, L' is the distance between 
the hne and the screen, and D' is the distance between the images; since the 
interference pattern depends on quotient D' /V rather than on V and D' sep- 
arately, the primes wiU be dropped in the foUowing. The interference pattern 
on the detection screen consists of equaUy spaced fringes which are in the same 
direction as the magnetic vortex, 

' 'yD $ 



I{y) = 47o(?/) cos' 



TT 



(1) 



XL $0 

where y is the coordinate which is orthogonal to the fringes on the detection 
screen (y = corresponds to the point which is symmetric with respect to the 
slits), Io{y) is the intensity in the case when either of the slits is closed, A is the 
electron wavelength, $ is the flux of the impenetrable magnetic vortex placed 
just after the screen with slits (otherwise, after the biprism), $o = hce~^ is the 
London flux quantum. Intensity I{y) (1) is oscillating with period 

A = \LD-\ (2) 

and the enveloping function is given by 4/o(|/) which is a Gaussian centred at 
y = 0. At the centre of the detection screen one gets 

7(0)=47o(0)cos2f-^vrV (3) 



If L 3> -D and A, then one can use dimensionless (angular) variable ip = y/L. 
The period of oscillations in this variable is 

S = \D-\ (4) 

Evidently, the period of oscillation decreases with the decrease of wavelength 
A. The linear resolution of the detector should be at least as high as |A, that is 
why the observation of the interference pattern becomes more complicated in the 
short- wavelength limit. Since the enveloping function takes a form of a narrow 
peak in this limit, it is crucial that the oscillations be distinguishable in the 
enveloping background. To measure this, one defines the visibility of the central 
point as 

7(0) + / (±iA) ■ 

In view of the symmetry of the enveloping function [Iq (— |A) = Iq (|A)), one 
finds immediately 



V 



/o(0)-7o(|A) + [7o(0)+/o^A)]cos 2|^7r 



/o(0)+/o(iA) + [/o(0)-/o(iA)]cos(2^7r 



(6) 
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It should be noted that visibihty (5) is nonzero in the case of the absence of 
oscillations: V = |/o(0) - /o(A/2)|/[/o(0) + /o(A/2)]. This case is mimicked at 

$ = (n ± l/4)$o and $ = |n ± tt"^ arcsin /o(0)/V/^(0) + /o2(A/2) | $o {n is 

an integer number). 

Concluding this section, we note that the value of the bending potential and 
the distance to the detection screen should be adjusted in order that the in- 
terference pattern be visible. Such a type of adjustment is unnecessary for the 
diffraction pattern in direct scattering of short- wavelength particles on a magnetic 
vortex. 



3 Direct scattering 

We start with the Schrodinger equation for the wave function describing the 
stationary scattering state, 

H^{r, (p) = - — i/jir, (p), (7) 
zm 

where m is the particle mass and k is the absolute value of the particle wave 
vector {k — 27r/A); the impenetrable magnetic vortex is assumed to be directed 
orthogonally to the plane with polar coordinates r and (p, and we confine ourselves 
to the particle motion in this plane, since the motion along the vortex is free. Out 
of the vortex core the Schrodinger hamiltonian takes the form 

H = \r-%rdr + r-^ {d^ - i$*o ')1 , (§) 

2m L ^ ^ J 

and we impose condition 

lim e^^''V'(r, ±7r) = 1, (9) 

signifying that the incident wave comes from the far left; the forward direction is 

(p = 0, and the backward direction is (p — ±7r. 

Without a loss of generality we assume that the vortex has a shape of cylinder 
of radius Tc and impose the Robin boundary condition on the wave function: 

{[cos(p7r) + rcSin(p7r)9^] ip{r, (p)}l=^^ = 0; (10) 

p — corresponds to the Dirichlet boundary condition (perfect conductivity of the 
boundary), and p = 1/2 corresponds to the Neumann one (absolute rigidity of the 
boundary). The solution to (7) with hamiltonian (8), which satisfies conditions 
(9) and (10), takes the following form 

i^ir, ^) = J]e-^e^(l"l-^l"-'^l'^) [j\n-,\{kr) - ^\$^,\{kr,)H\^_^^{kr)\ , (11) 
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where Z is the set of integer numbers, fi = $$0^5 Ja{u) and Ha\u) are the 
Bessel and the first-kind Hankel functions of order a, and 



^(p). , _ Ja{u) coi{p'K) +udu\riJa{u) 



Thus, wave function (11) consists of two parts: the one which will be denoted by 
'ipoir, if) is independent of Tc, and the other one which will be denoted by V'cl^, 
is dependent on Tc. 

Taking the asymptotics of the first part at large distances from the vortex, 
fcr 3> 1, one can get (see [10]) 



^o(r, ^) = e^*^"'=°^^+'^^|cos(^7r) - isgn((/?) sin(/i7r) 

X 1 - e'(5+M-'^)'^erfc (^e-^"/'v^ ^^"^ 2 )] }' ^^^^ 
where {uj denotes the integer part of quantity u {i.e. the integer which is less 
than or equal to u), sgn(M) = | ^| m < |' ^^^'^('^) ~ ^ I due"^^ is the 
complementary error function, and it is implied that — vr < ip < tt. In the case 



fcr |sin II ^ 1, one obtains 

i(fcr+7r/4) 

^0(r, if) = Q^krcos^^H<p-sgn(^)n] ^ j^^j^^ ^^^^ 

■s/r 

jjMH)^ sin(/i7r) 

fo{k, f) = 1 — y== ■ , 15 

^/2^Tk sm(v9/2) 

is the scattering amplitude which was first obtained by Aharonov and Bohm [1] . 



where 



In the case kr ^ 1 but ykr |sin ^ ^ 1, one obtains 

^o(r, y,) =e'*^"'=°^^cos(^7r). (16) 

Taking the large-distance asymptotics of the rc-dependent part of the wave 
function, one gets 

gi(*;r+7r/4) 

i^c{r, ^) = fc{k, ^) — , (17) 

where 

fc{k, ^) = iA/jE^'""^'^'"'"'""''^^^|n^|(^^^)- (18) 

In the long-wavelength limit, krc ^ 1, amplitude fc (18) is suppressed by powers 
of kr^. as compared to amplitude /q (15); however, as was already mentioned, this 
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limit is not feasible to experimental measurements. In the short- wavelength limit, 
^ 1, amplitude /o (15) is suppressed and wave function ipQ (13) is actually 
reduced to a plane wave, e^'^''™'^'^, which is distorted by the flux-dependent factors, 
see (16) and the first term in (14). Amplitude fc (18) in this limit takes form [9] 



Uk, ^) = i cos(/ivr)A«;«(y,) - sin(/ivr)r^t?^(^) 



-a/yI sin(v9/2)| exp {-2ikrc\ sin(v9/2)| + i/i[(y9 - sgn(v9)7r]} 
X exp {-i [2x^p\kr,, ^) + tt/A] } + ^,0 [(A;r,)-i/6] ^ ^ (19) 



where 



AiM)(^) = ^ e-^ riM)(^)= 1 ^ sgn(n-/x)e-^ 



\n—)jL\<x 



and 



X^^\krc,(p) = arctan 



2m 

\n—ij,\<x 

2krc\sm^{ip/2)\ 



(20) 



(21) 



_2cot(p7r) sin2(v3/2) - 1 

This amplitude satisfies the optical theorem of the unusual form due to the long- 
range nature of the interaction with a vortex [7] : 



2y ^cos(/i7r)Im/c(A;, 0) + 4rc sin^(/i7r) = J dLp\fcik, Lp)\'^. 



(22) 



The differential cross sectioE0 in the short- wavelength limit is given by expression 

da 



dip 



= \fcik,(p)\ = 2rJ cos{2^-n)/\krXv) 



+ [1 — cos(2/i7r)— sin(2yLi7r) sin(fcrcV2)] Ai^^^Jy^) >-F 



sm 



where 



A,((^) 



1 sin^(x(y9) 



-TT < (/? < 7r) 



(23) 



(24) 



Atix sin^(v9/2) 

is a strongly peaked at = and x ^ 1 function which can be regarded as a 
regularization of the angular delta-function. 



hm A,.(^) = ^5^e-^ 



X 



neZ 



A.(0) = -. 

TT 



(25) 



^It is a cross section per unit length along the vortex axis, hence its dimension is that of 
length. 
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The first term on the right-hard side of (23) describes the forward peak of the 

Fraunhofcr diffraction on the vortex, while the last term describes the classical re- 
flection from the vortex according to the laws of geometric (ray) optics. It should 
be noted that the scattering amplitude depends on the choice of a boundary con- 
dition via phase factor exp(— 21%^'')), see (19) and (21); therefore, the differential 
cross section is independent of boundary conditions at all. 

Moreover, the Fraunhofcr diffraction is not affected by the penetrability of the 
magnetic vortex, when a boundary condition at the edge of the vortex is changed 
to a matching condition there. In the case of an arbitrary cylindrically symmetric 
configuration of the magnetic field strength inside the vortex of finite flux, the 
wave function in the interior of the vortex can be presented as 



where K„(A;r) is a regular solution to the appropriate partial wave equation. 
Matching the logarithmic derivatives of partial radial components of the solutions 
at the edge of the vortex, one can find that the wave function in the exterior of 
the vortex takes the form of (11) with ^\^_ Xkr^) substituted by T„(A;rc), where 





(26) 




(27) 




(28) 



where 




\n—iJt\<krc 



(29) 




^inip i{\n\-\n-ti\)'Ky ( u, 



(30) 



\n—ix\<krc 




|n— /i|>fcrc 



(31) 



and 



Tn(li) 




(32) 
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H, 



(2), 



U 



H. 



(1), 



u) 



is the second-kind Hankel function of order a. 



The finite sum of geometric progression, see (29), is independent of the match- 
ing condition and can be rewritten as 



/(P-'^)(A:, ^) 




27r 



cos(/ivr)AlM)(v')-sin(/.vr)rlt':n^) 



(33) 



This is the amphtude of the Fraunhofer diffraction which is exactly the same as 
in the case of the impenetrable vortex, see the first term on the right-hand side 
of (19) (the explicit form of /S.^y^\ip) and V^y^\ip) (20) is given in [9]). 

The residual infinite sum, see (31), is estimated at kr^ 3> 1 in a similar way 
as in Appendix A of [H], yielding 



(34) 



Amplitude (30) depends on the matching condition and, consequently, on the 
configuration of the magnetic field strength inside the vortex. In the limit of 
short wavelengths, kfc ^ 1, the squared absolute value of the amplitude yields 
the differential cross section of the classical scattering off the penetrable vortex. 
However, there are two features which are quite general for this scattering: the 
estimate of the amplitude in the strictly forward direction is 



(35) 



and the integrated cross section is 



(class) _ 



2rr. 



(36) 



4 Fringe shift in the diffraction pattern 

Using (23), with the notations d = 2rc (for the vortex diameter) and A = 27T/k 
(for the particle wavelength), as well as the relation 



A^(^) = 2Ai^((p) cos^ 



-XLp 



we present the differential cross section for scattering of short-wavelength particles 
in a form similar to (1): 



^— = 2dAdw (09) cos^ 
dip ■^>' 



ipd $ 
2A + $^'" 



J^(class) 

dip 



(37) 
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where, in the case of the impenetrable vortex, one has 



(class) 

dip 



■ ^ 

sm — 
2 



(38) 



The differential cross section of the Fraunhofer diffraction is oscillating with pe- 
riod, cf. (4), 

S = 2Xd-\ (39) 

and the enveloping function is 2dAdn{ip). In the strictly forward direction one 
gets, cf. (3), 



da 
dip 



(f=0 



X 



cos 



-TT 



(40) 



Assuming that the angular resolution of the detector is we define the visibility 
of the central point in the differential cross section as 



V 



da 


ip=o - da 




da 


cp=o + da 





(41) 



and obtain immediately 



V 



A + (l + -^)cos(2^7r) 



1 + 4 



(1 - ^) COS (2^7r) ■ 



(42) 



The maximal visibility (V — 1) is attained for the fiux which is quantized in the 
units of the Abrikosov vortex flux ($ = f^o); the minimal visibility {V — 0) is 
attained at $ = where 



n± 



1 1 

n ± - ± — arcsin 
4 27r 



1 - 4/7r^ 
1 + 4/7r2 



(43) 



The dependence on the vortex flux is washed off after integration over the 
angle, and the contribution of the Fraunhofer diffraction to the total cross section 
is equal to that of the classical scattering (36). Thus, the total cross section is 



(7tot = 2d, 



(44) 



that is twice the classical total cross section. The optical theorem relates the total 
cross section which is the right-hand side of (22) to the scattering amplitude in the 
strictly forward direction, which stands on the left-hand side of (22); it should 
be emphasized that only the Fraunhofer diffraction contributes to the latter. 
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1,0 




Figure 1: 5da / {atotd(fi) is along the ordinate axis and (fi/5 is along the abscissa 
axis. Solid ($ = $o) and dashed ($ = I'^'o) lines correspond to = 1, whereas 
a dot-and-dash = $i_) line corresponds to V — 0. 

whereas both the Fraunhofer diffraction and the classical scattering contribute to 
the former. 

The oscillations of the differential cross section in the central region of the 
forward direction, —S < (p < S, are depicted on fig.l in the cases of maximal and 
minimal visibilities; the pattern is almost the same for a wide range of short wave- 
lengths, 10^ < dX-^ < 10^ The area under plotted hues is 0.4749701±0.0000004 
for $ = $0, 0.4414430±0.0000010 for $ = $i_ and 0.4278549±0.0000013 for 
$ = |$o- Thus, the contribution of oscillations from the outer region, S < 
\(p\ < n, is less than 17% of that from the central one; it is even less than 6% 
in the case $ = $o- The area under the one central peak in the case $ = $o 
(-i^ < < l6) is 0.4514119±0. 0000002; it exceeds the area under the two 
peaks in the cases $ = $i_ and $ = |$o < ip < 6). The contribution of the 
classical scattering to the central region is at all negligible. 

5 Summary and discussion 

We have shown that the fringe shift emerging under the influence of a magnetic 
vortex in the diffraction pattern in a direct scattering experiment with short- 
wavelength particles, see (37), is completely analogous to that in the interference 
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pattern in a double-slit experiment, see (1). However, there are some features 
which are peculiar to the case of short-wavelength particles. 

During the 50 years long history of the experimental verification of the AB 
effect (see [3]), many efforts were undertaken to ensure the impenetrability of the 
magnetic vortex, since the issue of penetration of particle beams into the region 
of the magnetic flux was the principal one to seed doubts in the verification. 
Perhaps, these misgivings had grounds in the case of long-wavelength particles, 
but, as follows from scattering theory, there is no room for them in the case of 
short-wavelength particles. The penetrability of the magnetic vortex does not 
affect the diffraction pattern (first term in (37)), only the classical reflection 
(given by (38)) is affected. It may seem to be somewhat paradoxical, but the AB 
effect with short-wavelength particles is the same for a penetrable vortex as for 
an impenetrable one. 

The overwhelming contribution to the whole diffraction cross section comes 
from a narrow region, —6 < (f < 6, around the strictly forward direction. A gate 
for the strictly forward propagation of short-wavelength particles is opened for 
the magnetic flux equal to the flux of even number of the Abrikosov vortices, say, 
at $ = more than 90% of the diffraction cross section is given by a peak 
centred at if = and having width S. As the flux diminishes, the peak is lowered 
and shifted to the right. If the angular resolution is ^6, then the visibility of the 
central point is maximal (V^ = 1) at $ = $0) diminishing with the diminishing 
flux and achieving its minimum (V = 0) at $ = see (43). Furthermore, the 
visibility is growing with the diminishing flux and achieves its maximum {V = 1) 
for the flux equal to that of the Abrikosov vortex, at $ = |$o {or odd number of 
the Abrikosov vortices in general). The pattern is again symmetric but with a dip 
in the strictly forward direction: the gate is closed. This gate effect is illustrated 
by fig.l for a wide range of short wavelengths, 10^ < dX~^ < 10^. 

Certainly, the Fraunhofer diffraction {i.e. the diffraction in almost parallel 
rays) is a well-known phenomenon of wave optics. Poisson was the first who 
predicted theoretically in 1818 a spot of brightness in the centre of a shadow of 
an opaque disc; the prediction was in a contradiction with the laws of geometric 
(ray) optics. It is curious that Poisson used his prediction as an argument to 
disprove wave optics which had been just developed by Fresnel: this demonstrates 
how unexpected and unbelievable Poisson's result was at that time. Nevertheless, 
the brightness spot in the centre of the disc shadow was observed; the decisive 
experiments were performed by Arago and Fresnel. According to Sommerfeld [TT] . 
the diffraction on the opaque disc bears the name of Poisson and the brightness 
spot in the shadow centre bears the name of Arago. The same effect persists 
for scattering of light on an opaque sphere and other obstacles. However, in the 
case of obstacles in the form of a long strip or cylinder, the streak of brightness 
in the centre of a shadow of such obstacles might be elusive to the experimental 
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detection: as is noted in the eminent treatise [12], it seems more likely that the 
measurable quantity is the classical cross section, although the details of this 
phenomenon depend on the method of measurement. 

Almost six decades have passed from the time when this assertion was made 
by Morse and Feshbach, and experimental facilities have improved enormously 
since then. For instance, in optics, a streak of brightness in the shadow of a hair 
can be observed with the use of laser beams. In the present paper, we point at 
the circumstances when the detection of the forward diffraction peak in electron 
optics will be the detection of the AB effect as well. We propose to perform a 
scattering experiment using electrons with the wavelength of order 0.1 nm and a 
magnetic vortex (tiny ferromagnet or solenoid) with the diameter of order 1 /im; 
a distance from the vortex to the detector and that from the electron source to 
the vortex might be of order 100 mm. 
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